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Robust Regression and Lasso

Huan Xu, Constantine Caramanember and Shie MannoidMember

Abstract

Lasso, or¢! regularized least squares, has been explored extensivelysfremarkable sparsity
properties. It is shown in this paper that the solution tosibasn addition to its sparsity, has robustness
properties: it is the solution to a robust optimization gesh. This has two important consequences.
First, robustness provides a connection of the regulatizarphysical property, namely, protection from
noise. This allows a principled selection of the regularized in particular, generalizations of Lasso
that also yield convex optimization problems are obtaingadnsidering different uncertainty sets.

Secondly, robustness can itself be used as an avenue taiagpldferent properties of the solution.
In particular, it is shown that robustness of the solutioplaxs why the solution is sparse. The analysis
as well as the specific results obtained differ from standpadsity results, providing different geometric
intuition. Furthermore, it is shown that the robust optiatian formulation is related to kernel density
estimation, and based on this approach, a proof that Lagsmgstent is given using robustness directly.
Finally, a theorem saying that sparsity and algorithmibititg contradict each other, and hence Lasso
is not stable, is presented.

Index Terms

Statistical Learning, Regression, Regularization, Kedemsity estimator, Lasso, Robustness, Spar-
sity, Stability.

I. INTRODUCTION

In this paper we consider linear regression problems witlstlsquare error. The problem is
to find a vectorx so that the/; norm of the residuab — Ax is minimized, for a given matrix
A € R™™ and vectorb € R™. From a learning/regression perspective, each rowl @an be
regarded as a training sample, and the corresponding elemhénas the target value of this
observed sample. Each column 4fcorresponds to a feature, and the objective is to find a set
of weights so that the weighted sum of the feature valuesoxppates the target value.

It is well known that minimizing the least squared error caad to sensitive solutions [1]-
[4]. Many regularization methods have been proposed toedser this sensitivity. Among them,
Tikhonov regularization [5] and Lasso [6], [7] are two widéinown and cited algorithms. These
methods minimize a weighted sum of the residual norm and tainaregularization term||x||»
for Tikhonov regularization angkx||; for Lasso. In addition to providing regularity, Lasso isals
known for the tendency to select sparse solutions. Rec#mtlyhas attracted much attention for
its ability to reconstruct sparse solutions when sampliogucs far below the Nyquist rate, and
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also for its ability to recover the sparsity pattern exaetiyh probability one, asymptotically
as the number of observations increases (there is an extditerature on this subject, and we
refer the reader to [8]—[12] and references therein).

The first result of this paper is that the solution to Lasso fodsistness properties: it is the
solution to a robust optimization problem. In itself, thigarpretation of Lasso as the solution
to a robust least squares problem is a development in linke tvé results of [13]. There, the
authors propose an alternative approach of reducing setysitf linear regression by considering
a robust version of the regression problem, i.e., miningzihe worst-case residual for the
observations under some unknown but bounded disturbanost M the research in this area
considers either the case where the disturbance is rowumiseupled [14], or the case where
the Frobenius norm of the disturbance matrix is bounded. [13]

None of these robust optimization approaches producesuéicgothat has sparsity properties
(in particular, the solution to Lasso does not solve any ekéhpreviously formulated robust
optimization problems). In contrast, we investigate thbusi regression problem where the
uncertainty set is defined by feature-wise constraintshSuaoise model is of interest when
values of features are obtained with some noisy pre-proggsteps, and the magnitudes of such
noises are known or bounded. Another situation of interesthere features are meaningfully
coupled. We defineoupledanduncoupleddisturbances and uncertainty sets precisely in Section
[M-Albelow. Intuitively, a disturbance is feature-wise @bed if the variation or disturbance across
features satisfy joint constraints, and uncoupled otreswi

Considering the solution to Lasso as the solution of a rolmasit squares problem has two
important consequences. First, robustness provides aecbon of the regularizer to a physical
property, namely, protection from noise. This allows moti@g@pled selection of the regularizer,
and in particular, considering different uncertainty sete construct generalizations of Lasso
that also yield convex optimization problems.

Secondly, and perhaps most significantly, robustness ragsproperty that can itself be used
as an avenue to investigating different properties of thetiem. We show that robustness of the
solution can explain why the solution is sparse. The amalgsiwell as the specific results we
obtain differ from standard sparsity results, providinfjedtent geometric intuition, and extending
beyond the least-squares setting. Sparsity results @utdor Lasso ultimately depend on the
fact that introducing additional features incurs largémpenalty than the least squares error
reduction. In contrast, we exploit the fact that a robustoh is, by definition, the optimal
solution under a worst-case perturbation. Our results dihaty essentially, a coefficient of the
solution is nonzero if the corresponding feature is relewander all allowable perturbations. In
addition to sparsity, we also use robustness directly toguamnsistency of Lasso.

We briefly list the main contributions as well as the orgataaof this paper.

« In Section[l, we formulate the robust regression problerthvieature-wise independent
disturbances, and show that this formulation is equivalers least-square problem with a
weighted/; norm regularization term. Hence, we provide an interpi@tadf Lasso from
a robustness perspective.

« We generalize the robust regression formulation to losstfons of arbitrary norm in
SectiorIl]. We also consider uncertainty sets that regdiseurbances of different features
to satisfy joint conditions. This can be used to mitigate ¢baservativeness of the robust
solution and to obtain solutions with additional propestie

« In Section[IV, we present new sparsity results for the rolregression problem with
feature-wise independent disturbances. This provideswarnbustness-based explanation
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to the sparsity of Lasso. Our approach gives new analysisaodgeometric intuition, and
furthermore allows one to obtain sparsity results for moeeegal loss functions, beyond
the squared loss.

« Next, we relate Lasso to kernel density estimation in Safo This allows us to re-prove
consistency in a statistical learning setup, using the rewstness tools and formulation
we introduce. Along with our results on sparsity, this ithases the power of robustness in
explaining and also exploring different properties of tioéuson.

. Finally, we prove in Sectioh VI a “no-free-lunch” theorentating that an algorithm that
encourages sparsity cannot be stable.

Notation. We use capital letters to represent matrices, and boldé&t=s to represent column
vectors. Row vectors are represented as the transpose whiolectors. For a vectat, z;
denotes its’ element. Throughout the paper, andr; are used to denote th& column and
the ;' row of the observation matrixl, respectively. We use;; to denote the; element of
A, hence it is thej" element ofr;, andi"* element ofa;. For a convex functiory(-), df(z)
represents any of its sub-gradients evaluated.ah vector with lengthn and each element
equalsl is denoted a4,,.

[I. ROBUST REGRESSION WITHFEATURE-WISE DISTURBANCE

In this section, we show that our robust regression formaratecovers Lasso as a special
case. We also derive probabilistic bounds that guide in tresttuction of the uncertainty set.

The regression formulation we consider differs from thendéad Lasso formulation, as we
minimize the norm of the error, rather than the squared nérim known that these two coincide
up to a change of the regularization coefficient. Yet as weusis above, our results lead to more
flexible and potentially powerful robust formulations, agigte new insight into known results.

A. Formulation

Robust linear regression considers the case where thevebseratrix is corrupted by some
potentially malicious disturbance. The objective is to fthd optimal solution in the worst case
sense. This is usually formulated as the following min-mesbpem,

Robust Linear Regression:

min {max b — (A+AA)X||2} , @
xeR™ | AAeU

wherel/ is called theuncertainty setor the set of admissible disturbances of the mattidn
this section, we consider the class of uncertainty setskibahd the norm of the disturbance
to each feature, without placing any joint requirement®s&ifeature disturbances. That is, we
consider the class of uncertainty sets:

U {80, I8l < i=1m}, 2)

for given¢; > 0. We call these uncertainty sefisature-wise uncoupledn contrast tocoupled
uncertainty sets that require disturbances of differegtiufiees to satisfy some joint constraints (we
discuss these extensively below, and their significancdjileNthe inner maximization problem
of (@) is nonconvex, we show in the next theorem that uncalip@m-bounded uncertainty sets
lead to an easily solvable optimization problem.
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Theorem 1:The robust regression problefd (1) with uncertainty set efftrm (2) is equiv-
alent to the following/! regularized regression problem:

min {|Ib - Ax|> + ZH} 3)
Proof: Fix x*. We prove thatnaxaacy |b — (A+ AA)x* |2 = [|b — Ax* |2 + Y0, ailaf].
The left hand side can be written as

max ||b — (A + AA)x"||2

AAeU
= max b—(A+(01,---,0,))x"
(81 )| [8il2<es (4+ (@ ¥,
= max b — Ax* — x;0;
orve Al | Z I @)
< max — Ax” 1042
(81,+,8m)[|d:l2<c
<lib - Axl+ et
=1
Now, let . '
a2l AT . . if Ax #b,
any vector with unit/? norm otherwise
and let

0 = —cisgn(z))u.
Observe that|d7||; < ¢;, henceAA* £ (§%,---,6%) € U. Notice that

max Ib— (A + AA)x*||;

>b — (A4 AA™)X|2
b= (A+ @1, 80X

2

=||(b — Ax™) Z — zj¢sgn(z))u)

=1

b - ax7)+ (3 el

i=1

2 (5)

=[b - Ax"2+ Y el
i=1
The last equation holds from the definition wf
Combining Inequalitied{4) andl(5), establishes the etpualbxaacy ||b — (A + AA)x* ||y =
b — Ax*[|2 + >, ¢;]2;| for anyx*. Minimizing overx on both sides proves the theorem.
Taking ¢; = ¢ and normalizinga; for all 7, Problem [(B) recovers the well-known Lasso [6], [7].
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B. Uncertainty Set Construction

The selection of an uncertainty g¢tin Robust Optimization is of fundamental importance.
One way this can be done is as an approximation of so-ca&lfeshce constrainfswhere a
deterministic constraint is replaced by the requiremeat ¢ghconstraint is satisfied with at least
some probability. These can be formulated when we know thiloition exactly, or when we
have only partial information of the uncertainty, such ag,,dirst and second moments. This
chance-constraint formulation is particularly importartten the distribution has large support,
rendering the naive robust optimization formulation oygréssimistic.

For confidence level, the chance constraint formulation becomes:

minimize: t
Subject to: Pr(||b — (A+ AA)x|l; <t) >1—n.

Here,x andt are the decision variables.

Constructing the uncertainty set for featurean be done quickly via line search and bisection,
as long as we can evaluale(||a;||2 > ¢). If we know the distribution exactly (i.e., if we have
complete probabilistic information), this can be quicklgng via sampling. Another setting of
interest is when we have access only to some moments of thiébdi®n of the uncertainty,
e.g., the mean and variance. In this setting, the unceytaitls are constructed via a bisection
procedure which evaluates the worst-case probability allatistributions with given mean and
variance. We do this using a tight bound on the probabilityanfevent, given the first two
moments.

In the scalar case, the Markov Inequality provides such atholihe next theorem is a gener-
alization of the Markov inequality t&®™, which bounds the probability where the disturbance on
a given feature is more thamn, if only the first and second moment of the random variable are
known. We postpone the proof to the appendix, and refer thdereto [15] for similar results
using semi-definite optimization.

Theorem 2:Consider a random vecter € R”, such thatf(v) = a, andE(vv') = %, ¥ = 0.
Then we have

minpg,., Trace(XP)+2q'a+r
subject to: qPT g ) =0
Pr{lv] > ¢} < fo 6 N\ (P ©
0" - )~ q’ r—1
A> 0.

\

The optimization problem {6) is a semi-definite programmiwich is known be solved in
polynomial time. Furthermore, if we replad@&vv') = ¥ by an inequalityE(vv') < %, the
uniform bound still holds. Thus, even if our estimation t@ thariance is not precise, we are
still able to bound the probability of having “large” dishance.

[1I. GENERAL UNCERTAINTY SETS

One reason the robust optimization formulation is poweréuhat having provided the connec-
tion to Lasso, it then allows the opportunity to generalzefficient “Lasso-like” regularization
algorithms.
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In this section, we make several generalizations of the sbbormulation [(1) and derive
counterparts of Theorefd 1. We generalize the robust fommoualan two ways: (a) to the case
of arbitrary norm; and (b) to the case of coupled uncertasets.

We first consider the case of an arbitrary ngfm|, of R™ as a cost function rather than the
squared loss. The proof of the next theorem is identical & ofi Theoreni]l, with only thé?
norm changed td - ||..

Theorem 3:The robust regression problem

xe€R™ | AAeU,

min { max [|b — (A+AA)x||a}; U, 2 {(51,--- ,5m))||5i||a <c, i=1,- ,m};

is equivalent to the following regularized regression peab

smin {I1b = Axl. + 3 afai |

We next remove the assumption that the disturbances aneréeatse uncoupled. Allowing
coupled uncertainty sets is useful when we have some additioformation about potential
noise in the problem, and we want to limit the conservatigena the worst-case formulation.
Consider the following uncertainty set:

U = {(517 75m}‘fj(||51||av"' 7||5m||a) < 0? j: 17"' 7k}7

where f;(-) are convex functions. Notice that, bothand f; can be arbitrary, hence this is a
very general formulation, and provides us with significaexifbility in designing uncertainty sets
and equivalently new regression algorithms (see for exar@girollaryll and2). The following
theorem converts this formulation to tractable optimi@atproblems. The proof is postponed to
the appendix.

Theorem 4:Assume that the set

Z2{zeR"|fi(z) <0, j=1,--- k5 2z >0}
has non-empty relative interior. Then the robust regrespioblem
min { max ||b — (A + AA)XHa}
xeR™ | AAeU’

is equivalent to the following regularized regression peab

min {||b—AX||a+U()\, n,x)};
AeRY keRT xeR™
k (7)
: A Te — f

where:v(A k,x) = max [(FL +|x]) ¢ ; Ajfj(c)}

Remark: Problem[(7) is efficiently solvable. Denot&(\, k,x) = [(m+|x\)Tc—Zf:1 )\jfj(c)].
This is a convex function of, k, x), and the sub-gradient af () can be computed easily for
any c. The functionv(A, k,x) is the maximum of a set of convex functions(-) , hence is

convex, and satisfies
V(AN K", x") = 0z°(X", K", X"),
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where ¢, maximizes [(n* + x]*)Te — Z;‘le Aifi(c)|. We can efficiently evaluate, due to
convexity of f;(-), and hence we can efficiently evaluate the sub-gradient-of

The next two corollaries are a direct application of Theo&m
Corollary 1: Supposeé(’ = {(61, o ,6m)‘ 181 llas - Nmlla]|, <5 } for a symmetric norm
| - |ls, then the resulting regularized regression problem is

min {||b — Ax]|, + z||xH;}; where|| - ||*is the dual norm of| - | ..

xeR™

This corollary interpretsrbitrary norm-based regularizers from a robust regression perspect
For example, it is straightforward to show that if we takerbpt ||, and|| - ||, as the Euclidean
norm, thenl{’ is the set of matrices with their Frobenious norms bounded, @orollary[1
reduces to the robust formulation introduced by [13].

Corollary 2: Supposéd/’ = {(61, e ,ém)‘ﬂc >0:Tc<s; [|6;]. <c } then the result-
ing regularized regression problem is

Minimize: ||b — Ax|[|, +s' X\

Subject to: x < T'A
—x<T'X
A>0.

Unlike previous results, this corollary considers gen@alltope uncertainty sets. Advantages
of such sets include the linearity of the final formulationofdover, the modeling power is
considerable, as many interesting disturbances can beledbutethis way.

We briefly mention some further examples meant to illusttagepower and flexibility of the
robust formulation. We refer the interested reader to [b8]ftill details.

As the results above indicate, the robust formulation cadeha broad class of uncertainties,
and yield computationally tractable (i.e., convex) protde In particular, one can use the polytope
uncertainty discussed above, to show (see [16]) that by @yimg) an uncertainty set first used
in [17], we can model cardinality constrained noise, wheme (unknown) subset of at most
k features can be corrupted.

Another avenue one may take using robustness, and whickadspalkssible to solve easily, is
the case where the uncertainty set allows independentrpation of the columns and the rows
of the matrix A. The resulting formulation resembles the elastic-net fdation [18], where
there is a combination of and /! regularization.

IV. SPARSITY

In this section, we investigate the sparsity propertieobfist regressiom1), and equivalently
Lasso. Lasso’s ability to recover sparse solutions has brtmsively studied and discussed (cf
[8]-[11]). There are generally two approaches. The firstaggh investigates the problem from a
statistical perspective. That is, it assumes that the gh8ens are generated by a (sparse) linear
combination of the features, and investigates the asyipiotprobabilistic conditions required
for Lasso to correctly recover the generative model. The@rsga@approach treats the problem
from an optimization perspective, and studies under whatitons a pair(A, b) defines a
problem with sparse solutions (e.g., [19]).
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We follow the second approach and do not assume a generatigiel ninstead, we consider
the conditions that lead to a feature receiving zero weiGhir first result paves the way for
the remainder of this section. We show in Theorlgm 5 that,néisdly, a feature receives no
weight (namely,x; = 0) if there exists an allowable perturbation of that featurgolh makes it
irrelevant. This result holds for general norm loss funasicbut in the/? case, we obtain further
geometric results. For instance, using Theofém 5, we shawng other results, that “nearly”
orthogonal features get zero weight (Theoreim 6). Usinglamiools, we provide additional
results in [16]. There, we show, among other results, thatsparsity pattern of any optimal
solution must satisfy certain angular separation condftioetween the residual and the relevant
features, and that “nearly” linearly dependent featur@szgeo weight.

Substantial research regarding sparsity properties aéd_aan be found in the literature (cf
[8]-[11], [20]-[23] and many others). In particular, siamlresults as in point (a), that rely on
an incoherenceproperty, have been established in, e.g., [19], and are asestandard tools
in investigating sparsity of Lasso from the statisticalgpective. However, a proof exploiting
robustness and properties of the uncertainty is novel.ddgdsuch a proof shows a fundamental
connection between robustness and sparsity, and impl&sdbustifying w.r.t. a feature-wise
independent uncertainty set might be a plausible way toesehsparsity for other problems.

To state the main theorem of this section, from which the rotesults derive, we introduce
some notation to facilitate the discussion. Given a featise uncoupled uncertainty sét, an
index subset’ C {1,...,n}, and anyAA € U, let AA" denote the element @f that equals
AA on each feature indexed hiye I, and is zero elsewhere. Then, we can write any element
AA €U asAA! + AAT" (wherel® = {1,...,n}\ I). Then we have the following theorem. We
note that the result holds for any norm loss function, but te¢éesand prove it for thé* norm,
since the proof for other norms is identical.

Theorem 5:The robust regression problem

min {max b — (A+ AA)X||2} )

xeR™ | AAeU

has a solution supported on an index $df there exists some perturbatiahA’* € U/ of the
features in/¢, such that the robust regression problem

min { max ||b— (44 AA" + AAI)XHQ} ,

xeR™ | AATeu!

has a solution supported on the get

Thus, a robust regression has an optimal solution supportedset/, if any perturbation of the
features corresponding to the complement/ ahakes them irrelevant. Theordh 5 is a special
case of the following theorem witty = 0 for all j ¢ I:

Theorem B. Let x* be an optimal solution of the robust regression problem:
min {max |Ib— (A+ AA)XHQ} )
xeR™ | AAsU

and let/ C {1,---,m} be such that; =0V j ¢ I. Let

02 {(51,... ,5m>\||6i||2 <ci, i€l |6jlla <+l j %«‘-‘f}-
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Then,x* is an optimal solution of

min {max b — (A+ AA)X||2} )
x€R™ | AAeU

for any A that satisfies|a; — a;|| < ; for j ¢ I, anda, = a, for i € I.
Proof: Notice that

max ||b — (A+ AA)x*
AAeU 2
= max [|b— (A+ AA)x"
AAeU 2
= max ||b — (A + AA)x*|| .
AAeU 2

These equalities hold because fo¢ I, z; = 0, hence thej’” column of bothA and AA has
no effect on the residual.
For an arbitraryx’, we have

max Hb — (A+AA)X

zgﬁwb—d+AM£

This is because||a; — a;|| <, for j ¢ I, anda; = a; for i € I. Hence, we have
{A+AA|AA eU} C{A+AA|AA €U},

2

2

Finally, notice that

2

max Hb — (A+ AA)x"

Therefore we have

max Hb — (A+ AA)x*
AAeU

Since this holds for arbitrary’, we establish the theorem. [ |

We can interpret the result of this theorem by consideringreecative modBlb = Y ier Wi+
¢ wherel C {1--- ,m} and¢ is a random variable, i.eb, is generated by features belonging
to /. In this case, for a featurg¢ I, Lasso would assign zero weight as long as there exists a
perturbed value of this feature, such that the optimal s=go® assigned it zero weight.

When we considef? loss, we can translate the condition of a feature beinglévant” into
a geometric condition, namely, orthogonality. We now use ihsult of Theorenmi]5 to show
that robust regression has a sparse solution as long as @menetice-type property is satisfied.
This result is more in line with the traditional sparsity ults, but we note that the geometric
reasoning is different, and ours is based on robustnessethdve show that a feature receives
zero weight, if it is “nearly” (i.e., within an allowable perbation) orthogonal to the signal, and

< max Hb — (A+ AA)X

2 AAeU

2

< max Hb — (A+ AA)X

2 AAdeld

"While we are not assuming generative models to establishethdts, it is still interesting to see how these results foalp
in a generative model setup.
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10

all relevant features.

Theorem 6:Let ¢; = ¢ for all i and consider? loss. If there existd C {1,---,m} such
that for all v € span({a;,i € I} |J{b}), |[v] = 1, we havev'a; <, Vj ¢ I, then any optimal
solutionx* satisfiesz} = 0, Vj & I.

Proof: For j ¢ I, let a; denote the projection of; onto the span ofa;, i € I} (J{b},
and letal £ a; —a;. Thus, we havéla7|| < c. Let A be such that

A a; Z€I7
A=V a gl

)

Now let R
UE{(81, - 8)|lI6:ill2 < c, i€ I;|8;]]a=0, 5 &I}

Consider the robust regression problerin; { max, o |[b— (A+ AA)x

2}, which is equiv-

alent toming { [|b — A%, + 3., cl#:|}. Note that thea; are orthogonal to the span of
{a;, i € I}|J{b}. Hence for any giver, by changingz; to zero for allj ¢ I, the minimizing
objective does not increase.

Sincella — a;|| = |laj|| < c¢Vj &€ I, (and recall thatd = {(8y,---,6.,)|[|d:]2 < ¢, Vi})
applying TheoremI5 concludes the proof. [ |

V. DENSITY ESTIMATION AND CONSISTENCY

In this section, we investigate the robust linear regressmmulation from a statistical
perspective and rederiwesing only robustness propertidsat Lasso is asymptotically consistent.
The basic idea of the consistency proof is as follows. We stiwat the robust optimization
formulation can be seen to be the maximum error w.r.t. a adégsobability measures. This
class includes a kernel density estimator, and using thesshow that Lasso is consistent.

A. Robust Optimization, Worst-case Expected Utility antchi&eDensity Estimator

In this subsection, we present some notions and interneedésults. In particular, we link
a robust optimization formulation with a worst expectedityti(w.r.t. a class of probability
measures); we then briefly recall the definition of a kernelsitg estimator. Such results will
be used in establishing the consistency of Lasso, as welt@sding some additional insights
on robust optimization. Proofs are postponed to the apgendi

We first establish a general result on the equivalence betaeebust optimization formulation
and a worst-case expected utility:

Proposition 1: Given a functiong : R™™! — R and Borel setsZ;,--- , Z, C R™"!, let

P2 {nePVS C{1,--,n}: ul{JZ:) > |S|/n}.
€S
The following holds

n

1
=3 sup h(r,b) = sup / h(r, b)du(r, b).
Rm+1

n i=1 (ribi)€Z; HEPn

This leads to the following corollary for Lasso, which statihat for a givenx, the robust
regression loss over the training data is equal to the wiarse- expectedeneralization error
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Corollary 3: Givenb € R", A € R"*™, the following equation holds for any € R™,

b — Ax||s + v/ne,||x||1 + v/ne, = sup \/n/ W — vTx)2du(r, ). (8)
P ) Rm+1

HEP(n

Herd,

P(n) £ U Pu(A, A b, 0);
loll2< Vien;: Vie||6ill2 < v/rcn

Pn(A, A,b,a) é {,u € P|ZZ = [bz — O'i,bi +Ui] X H[aij — 5@',0@' +6z’j];

J=1

VS C {1, n} () Z) > |S]/n}.
ieS

Remark 1:We briefly explain Corollanf13 to avoid possible confusiofgjuation [(B) is a
non-probabilistic equality. That is, it holds without angsamption (e.g., i.i.d. or generated by
certain distributions) orb and A. And it does not involve any probabilistic operation such as
taking expectation on the left-hand-side, instead, it ie@uivalence relationship which hold for
an arbitrary set of samples. Notice that, the right-hade-silso depends on the samples since
P(n) is defined throughA andb. Indeed,P(n) represents the union of classes of distributions
P.(A, A, b, o) such that the norm of each column 4f is bounded, wheré,, (A, A b, o) is
the set of distributions corresponds to (see Proposifiodistyrbance in hyper-rectangle Borel
setsZy,--- , Z, centered ath;, r; ) with lengths(20;,26;1, - - - , 20;m).

We will later show thatP, consists a kernel density estimator. Hence we recall here it
definition. Thekernel density estimatdor a densityh in R¢, originally proposed in [24], [25],

is defined by
ha) = () S0 (23,

where {c,} is a sequence of positive numbesfs, are i.i.d. samples generated accordingfto
and K is a Borel measurable function (kernel) satisfyiig> 0, [ K = 1. See [26], [27] and
the reference therein for detailed discussions. Figuriudtiates a kernel density estimator using
Gaussian kernel for a randomly generated sample-set. Aregéel property of a kernel density
estimator is that it converges ifi to » whene, | 0 andnc? 1 oo [26].

B. Consistency of Lasso

We restrict our discussion to the case where the magnitutteecdllowable uncertainty for all
features equals, (i.e., the standard Lasso) and establish the statisticadistency of Lasso from
a distributional robustness argument. Generalizatioméonion-uniform case is straightforward.
Throughout, we use, to represent where there are samples (we take, to zero).

Recall the standard generative model in statistical legrniet P be a probability measure
with bounded support that generates i.i.d samples:;), and has a density*(-). Denote the

’Recall thata;; is thej*" element ofr;

November 11, 2008 DRAFT



12

samples kernel function estimated density
0.2 0.1

0.18¢ 1 0.09
0.16 1 0.08
0.14 1 0.07
0.12 1 0.06

0.1 1 0.051
0.081 1 0.04
0.06 1 0.031
0.04 1 0.02¢
0.02 1 0.01

(o] 5 10 15 20 25 —010 -5 (o] 5 10 —010 o 10 20 30

Fig. 1. lllustration of Kernel Density Estimation.

set of the firstn samples bys,,. Define

n

(¢, §,) £ argmin { %Z(b %0 4 calles}

i=1

:argmln{@ i(b —1/%x)2+ cullzls }

=1

x(P) £ arg mln \//b]r (b —rTx)2dP(b, r)}

In words,x(c,,, S,,) is the solution to Lasso with the tradeoff parameter set,tgn, andx(P) is
the “true” optimal solution. We have the following consistg result. The theorem itself is a well-
known result. However, the proof technique is novel. Thhteque is of interest because the
standard techniques to establish consistency in stali$iarning including Vapnik-Chervonenkis
(VC) dimension (e.g., [28]) and algorithmic stability (g.§29]) often work for a limited range
of algorithms, e.g., thé&-Nearest Neighbor is known to have infinite VC dimension, avel
show in Sectiom VI that.asso is not stabldn contrast, a much wider range of algorithms have
robustness interpretations, allowing a unified approagbréee their consistency.

Theorem 7:Let {c,} be such that, | 0 andlim, ., n(c,)™" = co. Suppose there exists a
constantd such that|x(c,,S,)||2 < H. Then,

1111_{20 \//b (b —rTx(cp, Sp))?dP(b,r) = \//b (b —r™x(IP))2dP(b, 1),

almost surely.
Proof: Step 1: We show that the right hand side of Equatibh (8) includes radedensity
estimator for the true (unknown) distribution. Considee tlollowing kernel estimator given
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samplesS,, = (b;,r;)"_, and tradeoff parametet,,

Fulb,r) £ (ne) ZK( =),

where: K (x) £ I[_17+1]m+1(x)/2m+1.

(9)

Let /i, denote the distribution given by the density functiff(v, r). Easy to check that,
belongs toP,, (A, (¢,1,,- - ,c,1,),b, ¢,1,,) and hence belongs tB8(n) by definition.

Step 2: Using the £! convergence property of the kernel density estimator, wepthe
consistency of robust regression and equivalently Lasso.

First notice that||x(c,,S,)|l2 < H andP has a bounded support implies that there exists a
universal constant’ such that

rrgax(b —1r'w(c,, Sp))? < C.

By Corollary[3 andji, € P(n) we have

\//b (b —rTx(cp, Sn))%dfin, (b, 1)
su —r'x(c,, Spn))2du(b,r
<uepp \// ))2dp(b, )

: n \ Z(bl - I'Z—-I—X(Cn,Sn)) =+ CnHX(CmSn)Hl + Cn

=1

sﬁ\ >0~ 1 X(B) 4 | x(B) 1+ e

i=1

the last inequality holds by definition of(c,, S,,).
Taking the square of both sides, we have

/b (b—r1"x(cn, Sn))?djin (b, 1)

1
<ﬁ Zl (b; — r x(P)? + A (1 + [|x(P)|1)?

n

+20,(1+ x<P>1>J S - (P

1=1

Notice that, the right-hand side converges fig(b — r"x(P))*dP(b,r) asn 1 oc ande, | 0
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almost surely. Furthermore, we have

| 0= r"x(e. S ap0
< /b (b — I'TX(Cna Sn))QdﬂN(bv I‘)

+ [max(b — r x(cn, Su))?] [ 1falbx) = (. 1)ld(b )

b,r

< [ 0= xTx(e S din0.x)+ C [ 1a(br) = £00)ld(b)
b,r b,r

where the last inequality follows from the definition@f Notice thatfbm | fu(b,v)—f*(b,r)|d(b, 1)
goes to zero almost surely whep | 0 andnc™ ! 1 oo sincef,(-) is a kernel density estimation
of f*(-) (see e.g. Theorem 3.1 of [26]). Hence the theorem follows. [ |

We can remove the assumption thgt(c,,S,)|2 < H, and as in Theorerl 7, the proof
technique rather than the result itself is of interest.

Theorem 8:Let {c,} converge to zero sufficiently slowly. Then

Tim \/ /b (b—rTx(cn, Sy))2dP(b, T) = \/ /b (b — rTx(P))2dP(b, 1),

almost surely. R
Proof: To prove the theorem, we need to consider a set of distribsifi@longing tdP(n).
Hence we establish the following lemma first.
Lemma 1:Partition the support aP asVi, - - -,V such the/> radius of each set is less than
cp. If @ distributiony satisfies

p(Ve) = |{il(bi, i) € Vi)

then € P(n).
Proof: Let Z;, = [b; — ¢, b; + ¢,] X H;“Zl[aij — Cn,y a5 + ¢p); recall thata,; the 5 element
of r;. Notice V; has/> norm less thar,, we have
(bj,r; e V) =V, C Z,.

Therefore, for anys C {1,--- ,n}, the following holds

n(lJZ) = nJVilBie S :bir € Vi)
€S
- Z p(Vi) = Z #((bs,x;) € Vi) /n > |S|/n.

t|FieS:b;,rieVy t|FeS:b;,ri Vs

Hencep € P,(A, A, b, ¢,) where each element df is ¢,, which leads tg: € P(n). [
Now we proceed to prove the theorem. Partition the suppoft ofto 7' subsets such thae°
radius of each one is smaller thap DenoteP(n) as the set of probability measures satisfying
Equation [ID). Hencé®(n) C P(n) by Lemmall. Further notice that there exists a universal
constantX” such that||x(c,, S,)|l2 < K/¢, due to the fact that the square loss of the solution
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x = 0 is bounded by a constant only depends on the suppdft dhus, there exists a constant
C such thatmax, (b — 1" x(c,, S,))? < C/c2.
Follow a similar argument as the proof of Theorem 7, we have

sup / (b—r"x(cn,S,))dpin (b, 1)
un€P(n) Jb,r
<3 (b= xTx() + 1+ [x(P) )2 an

n <
=1

n

+ 2¢,(1 + X(P)l)J % Z(bz —r;/ x(P))2,

=1

and

/br(b —1r"x(cp, Sy))?dP(b, 1)
< inf { / (b—r"x(n, Sp))dpin (b, 1)

+max(b—r1'x(¢,, S))* [ | fun (b, v) — f(b,1)|d(b, T)

b,r br

< swp [ (b= xTx(en S,) P
pn€P(n) Jbr

+20/c inf { [ 1f (0,0) = FO.)Id( ) |,
w, €P(n) b,r

here f,, stands for the density function of a measpreNotice thatP, is the set of distributions

satisfying Equation[(10), hencef , .5, Sy 1 fur (b,x) — f(b,r)|d(b,r) is upper-bounded by

SL L P(V;) — #(bi, i € Vi)|/n, which goes to zero as increases for any fixed, (see for

example Proposition A6.6 of [30]). Therefore,

20/c; inf { [ 1fu(bx) = fb0)ld.x)} 0,

1 €P(n)

if ¢, | 0 sufficiently slow. Combining this with Inequality (IL1) pres the theorem. [ |

VI. STABILITY

Knowing that the robust regression proble (1) and in paldicLasso encourage sparsity,
it is of interest to investigate another desirable charatie of a learning algorithm, namely,
stability. We show in this section that Lassonot stable This is a special case of a more general
result we prove in [31], where we show that this is a commorperty for all algorithms that
encourage sparsity. That is, if a learning algorithm adsegertain sparsity condition, then it
cannot have a non-trivial stability bound.

We recall the definition of uniform stability [29] first. WetleZ denote the space of points
and labels (typically this will be a compact subset®sf ') so thatS € Z™ denotes a collection
of m labelled training points. We lét denote a learning algorithm, and f6re Z™, we letLg
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denote the output of the learning algorithm (i.e., the regien function it has learned from the
training data). Then given a loss functibnand a labeled point = (z,b) € Z, we leti(Lg, s)
denote the loss of the algorithm that has been trained oneh#g,on the data point. Thus
for squared loss, we would havélLg, s) = ||Lg(z) — b||2.

Definition 1: An algorithm I has uniform stability bound ofj,, with respect to the loss
function [ if the following holds

VS ez Vie{l,--- ,m}, |l(Ls,-) = I(Lgvi,)|loo < B

HereLg4.: stands for the learned solution with tif#é¢ sample removed frons.

At first glance, this definition may seem too stringent for eegsonable algorithm to exhibit good
stability properties. However, as shown in [2%ikhonov-regularized regression has stability that
scales asl /m. Stability that scales at least as fasto(a§/—1m) can be used to establish strong PAC
bounds (see [29]).

In this section we show that not only is the stability (in thense defined above) of Lasso
much worse than the stability @f-regularized regression, but in fact Lasso’s stabilityiristhe
following sense, as bad as it gets. To this end, we define themof the trivial bound, which
is the worst possible error a training algorithm can haveaudnitrary training set and testing
sample labelled by zero.

Definition 2: Given a subset from which we can draw labelled points 2 C R+ and
a subset for one unlabelled poird, C R™, a trivial bound for a learning algorithih w.r.t. Z
and X is .

b(L,Z,X)= Ser%z}éxl(l’s’ (2,0)).
As above/(-,-) is a given loss function.
Notice that the trivial bound does not diminish as the nuntdfesamples increases, since by
repeatedly choosing the worst sample, the algorithm wéld/the same solution.

Now we show that the uniform stability bound of Lasso can bd&eiter than its trivial bound
with the number of features halved. )

Theorem 9:Given Z C R™*(m+1) pe the domain of sample set aAdC R?*™ be the domain
of new observation, such that

(b,A) € Z= (b, A, A) € X,
(z)eX = (z',2") e X.

Then the uniform stability bound of Lasso is lower boundedbblyasso, Z, X').

Proof: Let (b*, A*) and (0,z*") be the sample set and the new observation such that
they jointly achieveb(Lasso, Z, X'), and letx* be the optimal solution to Lasso w.tlb*, A*).
Consider the following sample set

b* A* A*
( 0 OT Z*T :

Observe thaf{x",0")" is an optimal solution of Lasso w.r.t to this sample set. Nemove
the last sample from the sample set. Notice tttdt,x ") is an optimal solution for this new
sample set. Using the last sample as a testing observatersalution w.r.t the full sample set
has zero cost, while the solution of the leave-one-out sarsgl has a cos$t(Lasso, Z, X'). And
hence we prove the theorem. [ |
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VIlI. CONCLUSION

In this paper, we considered robust regression with a kgstre-error loss. In contrast to
previous work on robust regression, we considered the cdmzewthe perturbations of the
observations are in the features. We show that this foriomds equivalent to a weighted
norm regularized regression problem if no correlation atutibances among different features
is allowed, and hence provide an interpretation of the wideded Lasso algorithm from a
robustness perspective. We also formulated tractablestabgression problems for disturbance
coupled among different features and hence generalizeoltasa wider class of regularization
schemes.

The sparsity and consistency of Lasso are also investidgatsed on its robustness interpre-
tation. In particular we present a “no-free-lunch” theorsaying that sparsity and algorithmic
stability contradict each other. This result shows, algfosparsity and algorithmic stability are
both regarded as desirable properties of regression #igmsj it is not possible to achieve them
simultaneously, and we have to tradeoff these two propgeinielesigning a regression algorithm.

The main thrust of this work is to treat the widely used regm&d regression scheme from
a robust optimization perspective, and extend the resylt3jf (i.e., Tikhonov regularization is
equivalent to a robust formulation for Frobenius norm baddisturbance set) to a broader range
of disturbance set and hence regularization scheme. Thisdas us not only with new insight
of why regularization schemes work, but also offer solid iwadtons for selecting regularization
parameter for existing regularization scheme and fatglithesigning new regularizing schemes.
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APPENDIX A
PROOF OFTHEOREM[Z

Theorem 2 Consider a random vector € R", such thatE(v) = a, andE(vv') = %,
¥ > 0. Then we have

minpg,x Trace(XP)+2q'a+r
subject to: 57 g ) =0
Pr{lvl: > o} < o 6 N\ (P q (12
of - ) - q" r-1
\ A> 0.

Proof: Consider a functiorf(-) parameterized by, q, r defined asf(v) = v Pv+2q' v+

r. Notice E(f(v)) = Trace(XP) + 2q"a -+ r. Now we show thatf(v) > 1y, for all P,q,r
satisfying the constraints if_(112).

To showf(v) > 1jjv,>,,» We need to establish (i(v) > 0 for all v, and (ii) f(v) > 1 when

|v||2 > ¢. Notice that
v\ [P q v
=) (& 1) (1),

P q
(qT r>i0'

To establish condition (ii), it suffices to show v > ¢? impliesv' Pv+2q'v+7r > 1, which
is equivalent to showv|v Pv+2q'v +r—1 <0} C {v|v'v < ¢}. Noticing this is an
ellipsoid-containment condition, by S-Procedure, we $e¢ iis equivalent to the condition that

hence (i) holds because
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there exists a\ > 0 such that

(1) (5 1)

Hence we havef(v) > 1)y, taking expectation over both side that notice that the
expectation of a indicator function is the probability, weablish the theorem. [ |

APPENDIX B
PROOF OFTHEOREM[

Theorem [4. Assume that the set
Zé{ZERmUCj(Z) Soa ]:17 7]{:; ZZO}

has non-empty relative interior. Then the robust regrasgiomblem

x€R™ | AAeU’

min { max ||[b— (A + AA)XHa}
is equivalent to the following regularized regression pevb

min {||b—Ax||a+v()\, n,x)};

AERY ,kERT xER™

ceR™

k
where: (X, &, x) 2 max [(R Fx)Te =3 N fj(c)]
j=1

Proof: Fix a solutionx*. Notice that,
U ={(81, - ,0n)|lce Z; ||0illa <ciyi=1,--+,m}.

Hence we have:

max ||b — (A+ AA)x"|,
AAeU’

- lzleazx{ Htsi“aSrg}fii}:{l,---,m Hb N (A + (61’ B 6m))X*Ha}
m (13)
—max {[[b - Ax ||a+;ci\xi|}

=||b — Ax*||, + max {|x*|Tc}.
cezZ

The second equation follows from Theoréim 3.

Now we need to evaluat@ax..z{|x*|"c}, which equals to- min.cz{—|x*|"c}. Hence we
are minimizing a linear function over a set of convex constsa Furthermore, by assumption
the Slater’'s condition holds. Hence the duality gapngh.cz{—|x*|"c} is zero. A standard
duality analysis shows that

max{\x*\Tc} = min (A K,x"). (14)

cez AeR% keRT
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We establish the theorem by substituting Equation (14) Hatk Equation [(IB) and taking
minimum overx on both sides. [ |

APPENDIX C
PROOF OFPROPOSITION]

Proposition [I Given a functiory : R™*! — R and Borel setsz,,--- , Z, C R™"!, let

P2 {nePVS C{1,-,n}: ul{JZ:) > |S|/n}.
€S
The following holds

n

©>° s k) = sup [ h(ebdu(eb),
Rm+l

n - 1 (l‘i,bi)EZZ‘ HEPn

1=

Proof: To prove Propositionl1, we first establish the following leeam
Lemma 2:Given a functionf : R™*! — R, and a Borel seg C R™*!, the following holds:

sup f(X)=  sup / F(x)dpu(x).
xez nePlu(2)=1 J 1

Proof: Let x be ae—optimal solution to the left hand side, consider the prolitgthneasure
u' that put masd on x, which satisfy,/(Z) = 1. Hence, we have

up f() < sup [ ()
xezZ HePlu(2)=1 Jrm+1
sincee can be arbitrarily small, this leads to

sup f(x') < sup /R . F&)du(x). (15)

x'eZ HEP|u(Z)=1

Next construct functiory : R™*! — R as

J?'(X)é{ fx) xe€z;

f(x) otherwise

By definition of x we have f(x) < f(x) + ¢ for all x € R™*!. Hence, for any probability
measureu such thatu(Z) = 1, the following holds

~

/ FX)du(z) < / FO)du(z) + ¢ = (%) + ¢ < sup f(x) +e.
Rm+1 Rm+1 x'eZ
This leads to

sup / Fdp() < sup () + e

neEP|p(2)=1 x'eZ

Notice e can be arbitrarily small, we have

oup [ (o) < sup fx) (16)
neP|u(2)=1 JrRm+1 x'eZ
Combining [15) and[(16), we prove the lemma. [ |
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Now we proceed to prove the proposition. Lgtbe ane—optimal solution tosup, .- f(x;).
Observe that the empirical distribution f@k,, - - - , x,) belongs taP,, sincee can be arbitrarily
close to zero, we have

1 n

LS s s < sy [ ot (17)

Rm 1

n i—1 X, €EZ; HEPy

Without loss of generality, assume

fx) < f(x2) < - < f(Xn). (18)
Now construct the following function
; A mini\xezi f(f(z) X € UT'L:1 Zj§
fx) = { f(x) otherwise (19)

Observe thatf (x) < f(x) + ¢ for all x.
Furthermore, given € P,,, we have

Denoteqy, £ [M(Ule z) - pU! Zi)], we have

n t
Zakzl, ZO%Zt/n.
k=1 k=1

Hence by Equatiorf (18) we have

Therefore,

HEPn xi€Z; V1=

sup / f(x)du(x) — e < sup = Z f(xx).
Rt k=1

Notice ¢ can be arbitrarily close t6, we proved the proposition by combining with {17). m
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APPENDIX D
PROOF OFCOROLLARY [3

Corollary [3 Givenb € R", A € R™™, the following equation holds for any € R™,

b — Ax||s + v/ne, x| + vne, = sup \/n/ W — vTx)2du(r, ). (20)
Rm+l

peP(n)
Here,
P(n) £ U Pu(A, A, b, o);

loll2<v/nen; Vil 8illa<v/ncn

Pu(A, A b, o) 2 {pn € P|Z; = b — 03, b + 04] % H az; — 0ij, aij + 0555

=1

€S

Proof: The right-hand-side of Equatiofh {20) equals

sup sup / b —r'Tx)2du(r’, b’)}
lo|l2<v/men; Vii||6i |2 <+v/ncn uEPn(A A,b,o) RmA+-1

Notice by the equivalence to robust formulation, the leftit-side equals to

b+o— (A+[dy, ,(Sm])xH2

max
loll2 < Ve ¥ |8l < Ve

= sup sup Z(& — 1, x)?
loll2<v/men; Vi (|85 |2 <+/ricn (Biyf'i)e[bi—o'iybi‘i'o'i}Xnybzl[aij_(sij,aij‘f‘&ij} i=1
n
= sup > sup (b — £/ x)2,
loll2<v/ncn; Vii||8;]|2</ncn i=1 (bi,8)€[bi—0i,bi+0i] X171 [aij—0ij,aij+0i5]
furthermore, applying Propositidd 1 yields
n
sup (b; — 1, x)?
=1 (l;i,f"i)e[bi—ﬁz‘,bri-m‘]XHTzl[az‘j—&jﬂiﬂ-(Sij]
= sup n/ (0 — ' Tx)2dpu(r’, 0)
pEPn(AAbo)  JRmAL
sup / —r'Tx)2du(r’, V),
uePn (A,Ab,0) R+
which proves the corollary. [ |
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